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1
1 Introduction
Gauge invariance is certainly one of the most important guiding principles in modern particle
physics. Among its key features is that it prevents the gauge fields from acquiring a direct
mass term. However, this obstacle can be circumvented through the Higgs mechanism [1, 2, 3]
where the mass of the gauge field is a space-time dependent quantity governed by a scalar
field. When this scalar field falls into its ground state, the mass term becomes constant.
Another characteristic (or common belief) of gauge invariance is that it forces the gauge
couplings to be constant. In this article, we would like to ask the question of whether gauge
invariance is completely lost if the gauge couplings are space-time dependent quantities. The
conclusion of this investigation is that some gauge invariance is still present.
The issue of non-constant gauge couplings arises, at least, in two contexts. The first is
encountered in the procedure of renormalisation where at the quatum level the couplings are
function of the energy scale (running couplings) or equivalently functions of distance. For
example, in quantum electrodynamics the gauge coupling increases with energy (that is, with
decreasing distance). Yet this quantum phenomenon is completely absent in the classical
theory. It would, therefore, be desirable to see if this property (space-time dependence) of
the gauge couplings could be implemented at the classical level.
The second domain where non-constant gauge couplings could be of relevance is in cos-
mology and astrophysics. Indeed, one might reasonably challenge the assumption that the
electric charge (the gauge coupling of quantum electrodynamics), or other gauge couplings in
non-Abelian gauge theories, should be constant at all times and in all regions of the Universe.
In this context, theories modelling the space-time dependence of some gauge couplings
have already appeared in the literature [4, 5, 6, 7, 8]. A general review of the subject could
also be found in [9]. They are based on the introduction of new scalar fields and their essence
could be summarised by the Lagrangian [4]
L = −1
4
e−2ϕFµνF
µν + ψ¯ [i∂/ − eA/ −m]ψ + 1
2
∂µϕ∂
µϕ− V (ϕ)
Fµν = ∂µAν − ∂νAµ . (1.1)
Of course when ϕ = 0 (and assuming that V (0) = 0), this Lagrangian reduces to the usual
field theory of quantum electrodynamics1. We have, for simplicity, omitted the gravity sector.
This theory is invariant under the gauge transformation
ψ −→ e−ieα(x) ψ , Aµ −→ Aµ + ∂µα(x) (1.2)
and the equations of motion corresponding to the gauge field Aµ, the fermion field ψ and
the scalar field ϕ are, respectively, given by
∂µF
µν = e e2ϕψ¯γνψ + 2∂µϕF
µν
[i∂/ − eA/ −m]ψ = 0
∂µ∂µϕ = −dV
dϕ
+
1
2
e−2ϕFµνF
µν . (1.3)
1The fermionic contribution ψ¯ [i∂/− eA/−m]ψ is not present in ref.[4].
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We immediately notice that if one sets the fermion field ψ to zero then what remains of the
first equation in (1.3) is
∂µF
µν = 2∂µϕF
µν . (1.4)
Clearly, these are not Maxwell’s equations in the vaccum (∂µF
µν = 0). Hence, the scalar
field is present even if the electromagnetic interaction between the gauge field Aµ and the
charged fermion ψ is absent. Furthermore, there is an ‘asymmetry‘ between the first two
equations of (1.3). In the first equation, the coupling to the electromagnetic current ψ¯γνψ
is e e2ϕ while the electromagnetic coupling in the Dirac equation (the second equation) is e.
In this paper we adopt the strategy of taking the existing gauge theories and simply
replace the constant gauge couplings by non-constant ones and demand that gauge invariance
holds. For instance, in the case of quantum electrodynamics, the electromagnetic interaction
e ψ¯A/ψ (with the constant gauge coupling e) will be replaced by e˜ (x) ψ¯A/ψ. In this way, one
has the same interaction terms (or vertices) between the gauge fields and the other fields as
in the case of constant gauge couplings. We start by examining the case a relativistic charged
particle interacting with an electromagnetic field. We then extend the analyses to quantum
mechanics, quantum electrodynamics, non-Abelian gauge theories, the Abelian Higgs model
and the electro-weak theory.
2 Coupling of a charged point particle to the electro-
magnetic field
The usual Lagrangian for a relativistic charged particle of mass m interacting with an elec-
tromagnetic field ( ~E , ~B) is (see for instance [10])
L = −mc2
√
1− v
2
c2
+
e
c
~A.~v − eϕ . (2.1)
The strength of this coupling is the constant e while c is the speed of light. The velocity
vector ~v = d~r
dt
with ~r(t) being the vector position of the particle.
The vector potential ~A and the scalar potential ϕ are the quantities in terms of which
the electric field ~E and the magnetic field ~B are defined. These are given by
~E = −1
c
∂ ~A
∂t
− ~∇ϕ
~B = ~∇∧ ~A (2.2)
The electric and magnetic fields are invariant under
~A −→ ~A− ~∇α , ϕ −→ ϕ+ 1
c
∂α
∂t
, (2.3)
where α = α(~r , t) is an arbitrary function. Under this gauge transformation the Lagrangian
transforms as
L −→ L− e
c
dα
dt
. (2.4)
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The additional term −e
c
dα
dt
is a total derivative in time. Hence, the action S =
∫ t2
t1
L dt
changes by a constant and the equations of motion are, as a consequence, invariant.
Suppose now that the strength of the coupling between the charged particle and the
electromagnetic field is not constant. Namely, we consider the Lagrangian
L = −mc2
√
1− v
2
c2
+
e˜
c
~A.~v − e˜ϕ , (2.5)
where the coupling e˜ is a function of space and time. That is, e˜ = e˜(~r , t). The speed of light
c is assumed, through out this paper, to be constant.
Since the definitions of the ~E and ~B have not changed, the gauge symmetry is still as in
(2.3). Under the gauge transformation (2.3) the Lagrangian transforms again as
L −→ L− e˜
c
dα
dt
. (2.6)
In order for gauge invariance to hold at the level of the action S =
∫ t2
t1
L dt, we demand that
this variation is a total differential in time. That is
e˜
c
dα
dt
=
dβ
dt
(2.7)
for some function β. This requirement is fulfilled if the gauge parameter α is an arbitrary
function of e˜(~r , t), namely α = α(e˜), and in this case we have
β(e˜) =
∫ e˜
c
dα
de˜
de˜ (2.8)
We conclude that even if the coupling e˜ is not constant, gauge invariance is not completely
lost.
The Lagrangian (2.5) leads to the following equations of motion
d~p
dt
=
d
dt
 m~v√
1− v2
c2
 = e˜ ~E + e˜
c
~v ∧ ~B + ~Fe˜
~Fe˜ =
1
c
((
~A.~v
)
− cϕ
)
~∇e˜− 1
c
((
~v.~∇e˜
)
+
∂e˜
∂t
)
~A . (2.9)
The forces acting on the particle are the Lorentz force (but with a space-time dependent
electric charge e˜) plus another force ~Fe˜ due to the fact that the gauge coupling e˜ is not
constant.
One might be tempted to simply redefine the vector potential ~A as ~A −→ e
e˜
~A and the
scalar potentiel ϕ as ϕ −→ e
e˜
ϕ, where e is a constant, in the Lagrangian (2.5) in order to
absorb the space-time dependence of the coupling e˜. This is indeed possible if the electro-
magnetic field is not dynamical. In the full theory, however, the gauge invariant Lagrangian
for the electromagnetic field is as usual given by
Lgauge = 1
8π
∫ (
E2 −B2
)
dV , (2.10)
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where dV = dx dy dz is the volume element. Hence a redefinition of the gauge fields would
induce a change in the expressions of ~E and ~B which results in a non-standard kinetic term
for the electromagnetic field.
Maxwell’s equation stem from the variation with respect to ~A and ϕ of the full action
S =
∫ −mc2
√
1− v
2
c2
+
e˜
c
~A.~v − e˜ϕ
 dt+ 1
8π
∫ (
E2 −B2
)
dV dt . (2.11)
In order to introduce the concept of the charge density, let us write
e˜(~r , t) = e λ(~r , t) (2.12)
with e a constant (to be identified with the charge of the point particle). The charge density
and the current density are then defined by
e =
∫
ρ dV with ρ = e δ (~r − ~r0) and ~ = ρ~v , (2.13)
where ~r0 is the vector position of the charge e whose vector velocity is ~v.
In this way the action becomes
S =
∫ −mc2
√
1− v
2
c2
 dt+ ∫ [λ
c
ρ
(
~A.~v − cϕ
)
+
1
8π
∫ (
E2 − B2
)]
dV dt . (2.14)
The field equations are found by demanding that δS = 0 under the variations ~A −→ ~A+ δ ~A
and ϕ −→ ϕ + δϕ (assuming, of course, that the motion of the charge is known). This
procedure yields
~∇. ~E = 4πλρ
~∇∧ ~B = 1
c
∂ ~E
∂t
+
4π
c
λ~ . (2.15)
A continuity equation (conservation equation) is established by taking the divergence of the
second equation ( ~∇.(~∇∧ ~B) = 0). This is given by
∂
∂t
(λρ) + ~∇. (λ~) = 0 . (2.16)
Replacing ρ and ~j by their expressions in (2.13) and λ by e˜/e yields
∂e˜
∂t
+
(
~v.~∇e˜
)
= 0 . (2.17)
Hence the extra force ~Fe˜ takes the form
~Fe˜ =
1
c
((
~A.~v
)
− cϕ
)
~∇e˜ . (2.18)
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3 Quantum mechanics
The Schro¨dinger equation for a non-relativistic charged particle moving through an electro-
magnetic field is (see for instance [11])
ih¯
∂ψ
∂t
=
[
1
2m
(
−ih¯~∇− e
c
~A
)2
+ eϕ
]
ψ . (3.1)
This equation is invariant under the gauge transformation (2.3) if the wave function trans-
forms as
ψ −→ e− ieαh¯c ψ . (3.2)
As a consequence, the probability density and the probabilty current are invariant.
Let us now assume that the strength of the gauge interaction, e, is no longer a constant
and consider, instead, the equation
ih¯
∂ψ
∂t
=
[
1
2m
(
−ih¯~∇− e˜
c
~A
)2
+ e˜ϕ
]
ψ , (3.3)
where e˜ = e˜(~r , t). We demand that this equation is still invariant under
~A −→ ~A− ~∇α , ϕ −→ ϕ+ 1
c
∂α
∂t
, ψ −→ e−iβψ (3.4)
for some α and β to be determined. In order for the above equation to remain invariant, one
must have
~∇β = e˜
h¯c
~∇α , ∂β
∂t
=
e˜
h¯c
∂α
∂t
. (3.5)
These conditions have a solution if α is an arbitrary function of e˜, that is α = α(e˜), and β
is given by
β(e˜) =
∫
e˜
h¯c
dα
de˜
de˜ . (3.6)
We deduce here also that some gauge invariance is still present in the Schro¨dinger equation
(3.3) with non-constant electromagnetic coupling.
4 Quantum electrodynamics
Quantum electrodynamic is a theory describing the interaction of charged fields with radia-
tion. In the case of fermionic fields, the theory is given by the classical Lagrangian (see for
instance [12, 13, 14])
L = −1
4
FµνF
µν + ψ¯ [i∂/ − eA/ −m]ψ
Fµν = ∂µAν − ∂νAµ (4.1)
When the coupling e between the fermion field ψ and the radiation field Aµ is constant, the
theory is invariant under the gauge transformation
ψ −→ e−ieα(x) ψ , Aµ −→ Aµ + ∂µα(x) , (4.2)
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where α(x) is a completely arbitrary function of the space-time coordinates.
Let us now examine what becomes of this gauge invariance if the gauge coupling is a
space-time dependent function . The Lagrangian is of the same form as before
L = −1
4
FµνF
µν + ψ¯ [i∂/ − e˜A/−m]ψ
Fµν = ∂µAν − ∂νAµ (4.3)
but now e˜ = e˜(x). In analogy with (4.2), we demand that this Lagrangian is invariant under
ψ −→ e−iβ(x) ψ , Aµ −→ Aµ + ∂µα(x) (4.4)
for some functions α(x) and β(x). It follows that the Lagrangian (4.3) remains invariant
under the transformations (4.4) provided that α(x) and β(x) satisfy
∂µβ(x) = e˜(x) ∂µα(x) or dβ = e˜ dα . (4.5)
This equation is consistent only if
∂µe˜ ∂να = ∂ν e˜ ∂µα or de˜ ∧ dα = 0 . (4.6)
This last condition has a solution if α(x) = α(e˜(x)). That is, α is an arbitrary function of
the coupling e˜(x). In this case β is also a function of e˜ and is given by2
β(e˜(x)) =
∫ (
e˜
dα
de˜
)
de˜ . (4.7)
This last equation can be written, after an integration by parts, as
β = e˜ α−
∫
α de˜ . (4.8)
We can clearly see that if e˜ is independent of the space-time points (that is, de˜ = 0) then
β = e˜ α and the transformations (4.4) are the usual gauge transformations of ordinary
quantum electrodynamics with a constant gauge coupling. To summarise, the Lagrangian
(4.3), with e˜ = e˜(x), is invariant under the local transformations
ψ −→ e−i
∫ (
e˜ dα
d˜e
)
de˜
ψ , Aµ −→ Aµ + ∂µα , (4.9)
where α(e˜(x)) is arbitrary.
The equations of motion corresponding to the Lagrangian (4.3) are
∂µF
µν = e˜ ψ¯γνψ
[iγµ∂µ − e˜ γµAµ −m]ψ = 0 (4.10)
2 We could also have written β =
∫
e˜ dα. This means that e˜ is given in terms of α. However, one is first
given a Lagrangian (that is e˜) and then one looks for the symmetries of this Lagrangian (that is α). This is
why we prefer to say that the gauge function α is expressed in terms of the coupling e˜.
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The first equation implies that the current
Jν = e˜ψ¯γνψ (4.11)
is conserved (∂νJ
ν = 0). The corresponding conserved charge is
Q =
∫
J0d3x =
∫
e˜ψ¯γ0ψ d3x =
∫
e˜ψ†ψ d3x . (4.12)
As e˜(x) cannot be taken out of the integral, the conserved quantity Q is the integral of the
fermionic ‘probability density‘ e˜ψ†ψ = (
√
e˜ψ)†(
√
e˜ψ). It is as if the ‘wave function‘ is
√
e˜ψ
and not ψ.
5 Non-Abelian gauge theories
Consider the pure Yang-Mills Lagrangian
L = −1
2
Tr (FµνF
µν) ,
Fµν = ∂µAν − ∂νAµ − ig [Aµ , Aν ] . (5.1)
Here Aµ = A
a
µTa is a non-Abelian gauge field taking values, for example, in the Lie algebra
SU(N) with commutation relations [Ta , Tb] = if
c
abTc and Tr(TaTb) =
1
2
δab. This theory,
when the gauge coupling g is constant, is invariant under
Aµ −→ hAµh† − i
g
∂µhh
† , (5.2)
where the group element h(x) is an arbitrary function in the Lie group corresponding to the
Lie algebra SU(N).
Let us now assume that the strength of the coupling between the gauge fields is a space-
time dependent quantity. The Lagrangian we consider is given by
L = −1
2
Tr (FµνF
µν)
Fµν = ∂µAν − ∂νAµ − ig˜ [Aµ , Aν ] , (5.3)
where g˜ = g˜(x). We then demand that this Lagrangian is invariant under the gauge trans-
formation
Aµ −→ UAµU † − i
g˜
∂µUU
† (5.4)
for some Lie group element U(x). Under this transformation, the field stength Fµν transforms
as
Fµν −→ UFµν U † + i
g˜2
(
∂µg˜ ∂νUU
† − ∂ν g˜ ∂µUU †
)
. (5.5)
If the field strength is to transforms as Fµν −→ UFµν U † (in order for the gauge kinetic term
−1
2
Tr (FµνF
µν) to be invariant) then the condition
∂µg˜ ∂νUU
† − ∂ν g˜ ∂µUU † = 0 or dg˜ ∧ dUU † = 0 (5.6)
8
must hold. This relation is satisfied provided that the Lie group element U is an arbitrary
function of g˜(x). That is, U(x) = U(g˜(x)). Therefore, the non-Abelian gauge symmetry is
not totally lost if the gauge coupling g˜ is not constant.
The gauge coupling g˜ characterises the interaction of the non-Abelian gauge fields between
themselves and at the same time it describes the strength of the interaction of these gauge
fields with any other fields. Let , for instance, Ψ and Ψ¯ be a set of fermions, carrying an
index of the Lie Algebra SU(N), and transforming as
Ψ −→ Uψ , Ψ¯ −→ Ψ¯U † , (5.7)
where we have suppressed the Lie algebra indices. The gauge covariant derivative
DµΨ = [∂µ − ig˜(x)Aµ] Ψ (5.8)
transforms under (5.4) as
DµΨ −→ U (DµΨ) (5.9)
and the Lagrangian
L = −1
2
Tr (FµνF
µν) + Ψ¯ [iγµDµ −m] Ψ
Fµν = ∂µAν − ∂νAµ − ig˜(x) [Aµ , Aν ] , (5.10)
where the covariant derivative Dµ is as defined in (5.8), is gauge invariant. This is the
quantum chromodynamics Lagrangian with a space-time dependent gauge coupling g˜ (we
have suppressed the Lie algebra indices in the second term).
6 The Abelian Higgs model
The Abelian Higgs model, with a space-time dependent gauge coupling, is described by the
Lagrangian
LU(1) = −1
4
FµνF
µν + (∂µφ
⋆ − ie˜Aµφ⋆) (∂µφ+ ie˜Aµφ)−m2φ⋆φ− λ (φ⋆φ)2
Fµν = ∂µAν − ∂νAµ . (6.1)
The gauge coupling e˜ is a space-time dependent function3. That is, e˜ = e˜(x). In this case,
the Lagrangian LU(1) is invariant under the gauge transformations
Aµ −→ Aµ + ∂µα , φ −→ e−iβ φ , (6.2)
where α(x) is an arbitrary function of the gauge coupling e˜. That is α(x) = α(e˜(x)) and β
depends on α through
β(e˜(x)) =
∫ (
e˜
dα
de˜
)
de˜ = e˜ α (e˜)−
∫
α (e˜) de˜ . (6.3)
3The parameters m2 and λ could also be space-time dependent quantities. This does not affect gauge
symmetry.
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Let us now investigate the physical content of the above theory. We start by parametrising
the complex scalar field φ as
φ = ρ eiθ . (6.4)
The gauge transformation φ −→ e−iβ φ is now given by
θ −→ θ − β (6.5)
and ρ(x) is unchanged as ρ2 = φ∗φ is gauge invariant. With this parametrisation, the
Lagrangian becomes
LU(1) = −1
4
FµνF
µν + e˜2ρ2
(
Aµ +
1
e˜
∂µθ +
i
e˜
∂µ ln ρ
)(
Aµ +
1
e˜
∂µθ − i
e˜
∂µ ln ρ
)
− m2ρ2 − λρ4 . (6.6)
In the Abelian Higgs model with constant gauge coupling, the physical content is deter-
mined by choosing the unitary gauge θ = 0. However, in the case when e˜ is not constant,
the gauge θ = 0 cannot, in general, be reached. One atteins the unitary gauge by choosing
the arbitrary function β(e˜(x)) equal to θ(x) such that the transformed field θ(x) − β(e˜(x))
vanishes. This is, in general, not possible as a function of four coordinates (that is θ(x))
cannot be expressed in terms of a function of one variable only (that is β(e˜(x)) ).
If we insist on reproducing all the features of the Abelian Higgs model with constant
gauge coupling, then we could demand that the field θ(x) is itself a function of e˜(x). That
is,
θ(x) = θ(e˜(x)) . (6.7)
After all, θ is not a physical field (see below). In this case, we could reach the unitary
gauge θ(e˜(x)) = 0. We will, however, proceed in a way which is equivalent to choosing the
unitary gauge. It consists in working with gauge invariant variables. Let us define the gauge
invariant vector field
Vµ = Aµ +
1
e˜
∂µθ . (6.8)
Indeed, Vµ transforms as Vµ −→ Vµ + ∂µα − 1e˜ ∂µβ and ∂µα − 1e˜ ∂µβ = 0. Notice also that
the term 1
e˜
∂µθ, if θ(x) = θ(e˜(x)), can be written as ∂µω, where ω(e˜(x)) =
∫ (1
e˜
dθ
de˜
)
de˜.
The Lagrangian of the Abelian Higgs model takes the form
LunitaryU(1) = −
1
4
VµνV
µν + e˜2 ρ2AµA
µ + ∂µρ∂
µρ−m2ρ2 − λρ4
Vµν = ∂µVν − ∂νVµ . (6.9)
The field θ(e˜(x)) has disappeared and is, therefore, not a true degree of freedom. The
mechanism of spontaneous symmetry breaking consists in expanding the scalar field ρ as
ρ(x) = ρ0 +
σ(x)√
2
) . (6.10)
where the minimum of the potential V (ρ) = m2ρ2 + λρ4 is located at ρ2 = ρ20 = −m
2
2λ
, with
m2 < 0 and λ > 0. The degrees of freedon are therefore a massive vector field Vµ with a
10
masse M2V = 2ρ
2
0e˜
2 and a massive scalar field σ (the Higgs field) with mass M2σ = −m2.
These are precisely the properties of the Abelian Higgs model with constant gauge coupling.
However, the masse of the vector field Vµ, when the gauge coupling is not constant, depends
on space-time. We conclude that the mechanism of spontaneous symmetry breaking is, in
this case, not sufficient to guarantee a constant mass for the vector field Vµ.
7 The standard electro-weak theory
The standard electro-weak theory, with non-constant gauge couplings, is described by the
Lagrangian (see for instance [12, 13, 14] for the case of constant gauge couplings)
LSU(2)×U(1) = Lgauge + Lleptons + LHiggs + LYukawa . (7.1)
The gauge part is
Lgauge = −1
2
Tr (WµνW
µν)− 1
4
BµνB
µν
Wµν = ∂µWν − ∂νWµ − ig˜(x) [Wµ , Wν ]
Bµν = ∂µBν − ∂νBµ , (7.2)
where the SU(2) gauge field is Wµ = W
aTa with the three matrices Ta obeying the SU(2)
commutation relations [Ta , Tb] = iǫabcTc and Tr(TaTb) =
1
2
δab. In the 2 × 2 representation
Ta =
1
2
σa, where σa are the usual Pauli matrices. The U(1) gauge potential is denoted Bµ.
The SU(2) gauge coupling g˜ is taken to be a space-time dependent function, namely
g˜ = g˜(x). The U(1) gauge coupling will be denoted g˜′ = g˜′(x) and is also a space-time
dependent quantity.
The Lagrangian Lgauge is invariant under the gauge transformations
Wµ −→ UWµU † − i
g˜
(∂µU)U
†
Bµ −→ Bµ + ∂µα (7.3)
provided that the SU(2) group element U (with UU † = 1) is an arbitrary function of g˜(x).
That is, U = U(g˜(x)), as has been shown in section 5.
The leptons (for simplicity, we include only the electron and its neutrino) enter through
Lleptons = iR¯γµ (∂µ + ig˜′Bµ)R + iL¯γµ
(
∂µ +
i
2
g˜′Bµ − ig˜ Wµ
)
L (7.4)
with
L ≡
(
νe
eL
)
, R ≡ eR (7.5)
and for a fermion ψ we have ψL =
1
2
(1− γ5)ψ and ψR = 12 (1 + γ5)ψ. The left-handed
neutrino is denoted νe while eL and eR refer, respectively, to the left and the right chiralities
of the electron.
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When the U(1) gauge coupling g˜′ is a space-time dependent function, the fermions trans-
form under the U(1) gauge symmetry as
L −→ e−iβ/2L , R −→ e−iβR , (7.6)
where now the U(1) gauge parameter α is an arbitrary function of the U(1) gauge coupling
g˜′(x). That is, α = α(g˜′(x)) and β is given by
β(g˜′) =
∫ (
g˜′
dα
dg˜′
)
dg˜′ (7.7)
as has been established in section 4.
On the other hand, under the SU(2) gauge symmetry, the fermions transform as
L −→ UL , R −→ R . (7.8)
Recall that U is a function of g˜(x).
The complex scalar field
Φ =
(
φ1
φ2
)
(7.9)
enters the electro-weak theory through the Lagrangian
LHiggs = (DµΦ)† (DµΦ)− m
2
2
Φ†Φ− λ
4
(
Φ†Φ
)2
DµΦ =
(
∂µ − i
2
g˜′Bµ − ig˜Wµ
)
Φ . (7.10)
The complex scalar field has the U(1) gauge symmetry
Φ −→ eiβ/2Φ (7.11)
and the SU(2) gauge transformation
Φ −→ UΦ . (7.12)
Finally, the Yukawa part is given by
LYukawa = −Ge
(
L¯ΦR + R¯Φ†L
)
, (7.13)
where Ge is the electron Yukawa coupling constant
4.
So far, we have shown that it is possible to render the gauge couplings of the standard
electro-weak theory space-time dependent while maintaining some gauge symmetry. How-
ever, we still have to examine the spectrum of this theory. Let us recall that in the case of
constant gauge couplings, the simplest way to get the spectrum is to choose for the scalar
field Φ the unitary gauge
Φ =
(
0
η + σ(x)√
2
)
. (7.14)
4Gauge symmetry does not prevent the parameters m2, λ and Ge to be space-time dependent variables.
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Here η2 = −m2/λ, with m2 < 0, is the ground state energy for the scalar field Φ (the
minimum of the potential).
On the other hand, for non-constant gauge couplings the above choice for the scalar field
is, in general, not atteinable. This is due to the fact that the SU(2) gauge parameter is not
an arbitrary function of space-time but an arbitrary function of the gauge coupling g˜(x).
In other words, starting from the gauge choice (7.14) one cannot reach all the scalar field
configurations by means of a gauge transformation (it is, in general, not possible to ajust
Φ(x) to a chosen gauge using a matrix U(g˜(x)) that depends on xµ only through g˜(xµ) ).
One way out of this is to assume that the the non-physical degrees of freedom contained in
the scalar field Φ are a function of g˜(x).
In order to see this, let us parametrise the scalar Φ as
Φ =
(
φ1
φ2
)
= ρ
(
χ1
χ2
)
, (7.15)
where ρ(x) is defined as
ρ2 = Φ†Φ = |φ1|2 + |φ2|2 . (7.16)
The two complex fields χ1 and χ2 satisfy
|χ1|2 + |χ2|2 = 1 (7.17)
Since ρ is a gauge invariant quantity, the SU(2) gauge transformation acts only on the fields
χ1 and χ2. It is these fields (that are not physical, as shown below) which we will assume to
depend on the the SU(2) gauge coupling g˜(x). Namely,
χ1(x) = χ1(g˜(x)) , χ2(x) = χ2(g˜(x)) . (7.18)
In this way a matrix U((˜g(x)) can be found to reach the unitary gauge (7.14). We will,
however, choose to work with gauge invariant variables instead.
We start by noticing that given a vector Φ = ρ
(
χ1
χ2
)
, such that |χ1|2 + |χ2|2 = 1, one
can always write it as
Φ = ρX†
(
0
1
)
, (7.19)
where the matrix X† belongs to the SU(2) group (XX† = 1 and det(X) = 1) and is given
by
X† =
(
χ∗2 χ1
−χ∗1 χ2
)
. (7.20)
The SU(2) matrix X† transforms as
X† −→ UX† (7.21)
in order for Φ to have the SU(2) gauge transformation Φ −→ UΦ.
13
Our next step is to introduce the two variables
WXµ = XWµX
† − i
g˜
∂µXX
†
LX = XL . (7.22)
The U(1) gauge field Bµ and fermionic singlet R remain unchanged, as they are not affected
by the SU(2) gauge transformation. The SU(2) vector field WXµ and the fermionic doublet
LX are gauge invariant under the SU(2) gauge symmetry, as can be verified by using the
SU(2) gauge transformations of Wµ, L and X .
In order to find the expression of the electro-weak Lagrangian in terms of the new variables
(this procedure is totally equivalent to choosing the unitary gauge for which ΦX = ρ
(
0
1
)
=
XΦ ), we write the new gauge field WXµ as
WXµ =
1
2
(
W1µσ1 +W2µσ2 +W3µσ3
)
=
1
2
( W3µ W−µ
W+µ −W3µ
)
, (7.23)
where we have defined the two vector fields
W+µ =W1µ + iW2µ , W−µ = W1µ − iW2µ . (7.24)
The scalar sector in terms of the new variables is given by the Lagrangian
LHiggs = ∂µρ∂µρ+ 1
4
ρ2
[(
g˜2 + g˜′2
)
ZµZµ + g˜2W+µW−µ
]
− m
2
2
ρ2 − λ
4
ρ4 , (7.25)
where we have also introduced the two gauge variables
Aµ =
g˜′W3µ + g˜Bµ
(g˜2 + g˜′2)1/2
Zµ =
g˜W3µ − g˜′Bµ
(g2 + g˜′2)1/2
(7.26)
or, equivalently
W3µ =
g˜′Aµ + g˜Zµ
(g˜2 + g˜′2)1/2
Bµ =
g˜Aµ − g˜′Zµ
(g2 + g˜′2)1/2
. (7.27)
In order to find the expression of the fermionic Lagrangian in terms of the new variables,
we introduce the notation
LX =
( Ne
EL
)
, R = ER . (7.28)
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Explicitly, we have
Lleptons = iE¯γµ
(
∂µ + i
g˜g˜′
(g˜2 + g˜′2)1/2
Aµ
)
E + iN¯eγµ∂µNe
+
[
1
2
(
g˜2 + g˜′2
)1/2 N¯eγµNe + g˜′2
(g˜2 + g˜′2)1/2
E¯RγµER − g˜
2 − g˜′2
2 (g˜2 + g˜′2)1/2
E¯LγµEL
]
Zµ
+
g˜
2
[
E¯LγµNeW+µ + N¯eγµELW−µ
]
, (7.29)
where we have defined E = EL + ER.
Similarly, the Yukawa part, in terms of the new variables, yields
LUYukawa = −Geρ
(
E¯LER + E¯REL
)
= −Ge ρ E¯E . (7.30)
The gauge part of the electro-weak theory is given by
Lgauge = −1
2
Tr (WµνW
µν)− 1
4
BµνB
µν = −1
2
Tr
(
WXµνW
X
µν
)
− 1
4
BµνB
µν
WXµν = ∂µW
X
ν − ∂νWXµ − ig˜(x)
[
WXµ , W
X
ν
]
. (7.31)
The second equality holds because the matrix X is, by assumption, a function of g˜(x). Using
the expression of the matrix WXµ in (7.23), the field strength W
X
µν takes the form
WXµν =
1
2
( W3µν − g˜Hµν ∇µW−ν −∇νW−µ
∇µW+ν −∇νW+µ −W3µν + g˜Hµν
)
, (7.32)
where
W3µν = ∂µW3ν − ∂νW3µ
Hµν = − i
2
(
W+µW−ν −W+ν W−µ
)
∇µW+ν =
(
∂µ + ig˜W3µ
)
W+ν
∇µW−ν =
(
∂µ − ig˜W3µ
)
W−ν . (7.33)
Notice that one has terms involving ∂µW
3
ν and ∂µBν and upon replacing W
3
µ and Bµ
by their expressions in (7.27), one generates quantities involving the derivatives of g˜(x) and
g˜′(x). Hence, if we want to have the same terms as in the case of the standard electro-weak
theory with constant gauge couplings then we must demand that
g˜
(g˜2 + g˜′2)1/2
= c ,
g˜′
(g˜2 + g˜′2)1/2
= c′ , (7.34)
where c and c′ are two constants. This means that the two couplings g˜ and g˜′ are related by
g˜/g˜′ = c/c′, and one has only one space-time independent gauge coupling.
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By an explicit calculation, and using the assumption (7.34), we find that the gauge part
is given by
Lgauge = = −1
4
FµνFµν − 1
4
ZµνZµν − 1
4
(
∇µW+ν −∇νW+µ
) (
∇µW−ν −∇νW−µ
)
+
1
2
g˜
(g˜2 + g˜′2)1/2
(g˜Zµν + g˜′Fµν)Hµν − 1
4
g˜2HµνH
µν , (7.35)
where
Fµν = ∂µAν − ∂νAµ
Zµν = ∂µZν − ∂νZµ . (7.36)
are the field strenghts corresponding to the gauge fields Aµ and Zµ.
To summarise, the full electro-weak Lagrangian LSU(2)×U(1) = Lgauge +LHiggs +Lleptons +
LYukawa with non-constant gauge couplings, subject to the assumption (7.34), contains the
same terms as in the case of the electro-weak theory with constant gauge couplings. The
fields χ1 and χ2 are unphysical as they have disappeared from the final theory (they have
been absorbed by the non-Abelian gauge fields).
Furthermore, the Lagrangian LSU(2)×U(1) = Lgauge + LHiggs + Lleptons + LYukawa is still
invariant under the U(1) gauge symmetry
Aµ −→ Aµ + ∂µα
E −→ e−iβ E
W+µ −→ e−iβW+µ
W−µ −→ eiβW−µ , (7.37)
where α = α(e˜) is an arbitraty function of e˜ = g˜g˜
′
(g˜2+g˜′2)
1/2 and β is given by
β(e˜) =
∫ (
e˜
dα
de˜
)
de˜ . (7.38)
The neutral fermion Ne and the neutral vector field Zµ are not affected by this gauge
symmetry. We should also mention that, according to (7.27), W3µ transforms as W3µ −→
W3µ + g˜
′
(g˜2+g˜′2)
1/2∂µα leading to the transformations ∇µW+ν −→ e−iβ∇µW+ν and ∇µW−ν −→
eiβ∇µW−ν . This shows that the Lagrangian Lgauge in (7.35) is explicitly gauge invariant.
The spectrum of the theory described by the full Lagrangian LSU(2)×U(1) = Lgauge +
LHiggs + Lleptons + LYukawa is found by making the substitution ρ(x) = η + σ(x)√2 . It contains:
i) three massive vector fields
(
Zµ , W+µ , W−µ
)
and a massless gauge field Aµ. ii) A massive
scalar field σ (the Higgs field). iii) A massive fermion E (the electron) together with a
massless one Ne (the neutrino). The latter does not couple to the massless vectror field
Aµ. The different masses are of course read from the quadratic parts of the Lagrangian.
However, the masses of the vector fields
(
Zµ , W+µ , W−µ
)
are space-time dependent even
after implementing the spontaneous symmetry breaking mechanism.
16
8 Conclusions
It is commonly stated that non-constant gauge couplings are incompatible with gauge in-
variance. We show in this paper that gauge invariance is not completely lost if the gauge
couplings are not constant. This remark could be seen just as a mathematical curiosity in
its own right but it might also have some physical consequences especially in cosmology.
It is certainly interesting to investigate the quantum properties of the various gauge field
theories presented in this paper. The simplest of these theories is obviously the one described
by the Lagrangian
L = −1
4
FµνF
µν + ψ¯ [i∂/ − e˜(x)A/ −m]ψ . (8.1)
The first question to be asked is how to deal with the space-time dependent gauge coupling
e˜(x)? We could regard e˜(x) as a dynamical field having a Lagrangian of the form
Le˜ =
1
2
∂µe˜ ∂
µe˜− V (e˜) , (8.2)
where V (e˜) is some potential energy. A dynamical field e˜ might be desirable from the point
of view of cosmology and astrophysics (if one includes gravity). However, it is problematic
at the level of quantum field theory. Indeed, the interaction term e˜ψ¯A/ψ is , if e˜ possesses a
kinetic term, a dimension five operator and leads to a non-renormalisable theory.
On the other hand, if the Lagrangian Le˜ is not included then one could view the non-
constant gauge coupling e˜(x) as a non-propagating background. The Feynman rules and the
Feynman graphs are then exactly those of quantum electrodynamics with constant gauge
coupling. In this case, we expect the theory to be renormalisable.
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